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Variational approximation of a funtional governing15
point-like singularities.16
Résumé : Nous proposons une nouvelle méthode variationelle pour isoler des points dans17
une image 2-D. Dans e but nous introduisons une energie dont les points de minimum sont18
donnés par l'ensemble des points que on veut déteter. En suite on approhe ette energie19
par une suite de fontionelles plus régulières, pour laquelle on montre la Γ-onvergene vers20
la fontionelle initiale.21
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1 Introdution44
The issue of deteting ne strutures, like points or urves in two or three dimensional45
biologial images, is a ruial task in image proessing. In partiular a point may represent46
a viral partile whose visibility is ompromised by the presene of other strutures like ell47
membranes or some noise. Therefore one of the main goals is deteting the spots that the48
biologists wish to ount. This operation is made harder by the presene of other singular49
strutures.50
In some biologial images the image intensity is a funtion that takes the value 1 on51
points or other strutures like sets with Hausdor dimension 0 ≤ α < 1, and it is lose to52
0 outside. In image proessing these onentration sets are alled disontinuities without53
jump, meaning that there is no jump aross the set and therefore the gradient of the image54
is 0.55
In the literature there are few variational methods dealing with this problem. In this56
diretion one interesting approah has been proposed in [3℄. In that paper the authors57
onsider this kind of pathology as a k-odimension objet, meaning that they should be58
regarded as a singularity of a map U : Rk+m → Rk, with k ≥ 2 and m ≥ 0 (see [6℄ for a59
omplete survey on this subjet). In partiular the deteting point ase orresponds to the60
ase k = 2 and m = 0.61
This point of view makes possible a variational approah based on the theory of Ginzburg-62
Landau systems. In their work the isolated points in 2-D images are regarded as the topo-63
logial singularities of a map U : R2 → S1, where S1 is the unit sphere of R2. Starting from64
the initial image I : Ω ⊂ R2 → R, this strategy makes ruial the onstrution of an initial65
vetor eld U0 : R
2 → S1 with a topologial singularity of degree 1. How to build suh a66
vetor eld in a rigorous way, is a subjet of a urrent investigation.67
Our rst purpose here is nding a most natural variational framework in whih a rigorous
denition of disontinuity without jump an be given. In our model the image I is a Radon
measure. It is ruial for deteting points that this Radon measure be able of harging
points. The preliminary step is nding a spae whose elements are able of produing this
kind of measures. This spae is given by DMp(Ω): the spae of Lp-vetor elds whose
distributional divergene is a Radon measure, with 1 < p < 2. The restrition on p is due
to the fat that when p ≥ 2 the distributional divergene DivU of U annot be a measure
onentrated on points ( see Setion 3.1 below). Then we have to onstrut, from the original
image I, a data vetor U0 ∈ DM
p(Ω). Clearly there are, at least in priniple, many ways to
do this. The one we propose here seems to be the most natural. We onsider the lassial
ellipti problem with measure data I:{
−∆u0 = I on Ω
u0 = 0 on ∂Ω.
Then by setting U0 = ∇u0 we have U0 ∈ DM
p(Ω) with DivU0 = I. However the support of68
the measure DivU0 is too large and ould ontains several strutures like urves or fratals,69
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DivU0 and therefore we have to isolate it. To do this the notion of p-apaity of a set71
plays a key role. Indeed when p < 2 the p-apaity of a point in Ω is zero and one an72
say, in this sense, that it is a disontinuity with no jump. Besides every Radon measure73
an be deomposed (see [14℄) in two mutually singular measures: the rst one is absolutely74
ontinuous with respet to the p-apaity and the seond one is singular with respet to the75
p-apaity, meaning that it is a measure onentrated on sets with 0 p-apaity.76
As it is known in dimension 2, sets with 0 p-apaity, and hene disontinuities without77
jump, an be isolated points, ountable set of points or fratals with Hausdor dimension78
0 ≤ α < 1 (see Subsetion 2.3 for the deniton of p-apaity and related properties).79
Our goal here is keeping nothing else but points in the image. The ahievement of suh80
a purpose makes neessary the minimization of a suitable energy that must remove all the81
disontinuities whih are not disontinuities without jump, and remove all the disontinuities82
without jump whih are not isolated point.83
From one hand we have to fore the onentration set of the divergene measure of U to84
ontain only the points we want to ath, and on the other hand we have to regularize the85
initial data U0 outside the points of singularities. To this end we introdue the auxiliary86
spae SDMp(Ω) of vetor elds belonging to DMp(Ω) whose divergene measure has no87
absolutely ontinuous part with respet to the p-apaity. Then, by taking into aount88










where u ∈ W 1,p0 (Ω) with ∇u ∈ SDM
p(Ω), 1 < p < 2 and λ, µ are positive weights. The91
gradient of a minimizer of the energy F is the vetor eld we are looking for, that is a92
vetor eld whose divergene measure an be deomposed in an absolutely ontinuous (with93
respet to the Lebesgue's measure) term plus an atomi measure onentrated on the points94
we want to isolate in the image.95
Even if a pointwise haraterization of disontinuity without jump is not available, thanks96
to our denition the singular set of points an be linked to the vetor eld ∇u, in the spirit97
of the lassial SBV formulation of the Mumford-Shah's funtional (we refer to [1℄ for a98
omplete survey on the Mumford Shah's funtional).99
For future omputational purposes, the next task is to provide an approximation in the
sense of Γ-onvergene introdued in [16, 17℄. Our approah is lose in the spirit to the
one used to approximate the Mumford Shah funtional by a family of depending urvature
funtionals as in [9℄. Indeed, as in their work (see also [8℄), we replae the atomi measure











where D is a proper regular set ontaining the atomi set P , κ is the urvature of its100
boundary, and the onstant
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these funtionals are ahieved on the union of balls of small radius, so that when ε→ 0 the102
sequene Gε shrinks to the atomi measure H0(P ).103




















This strategy permits to work with the perimeter measure H1⌊∂D, that an be approxi-








where W (w) = w2(1− w)2 is a double well funtion.104
Besides by using Sard's Theorem and oarea formula (see also [4℄ for a similar approah)
one an formally replae the integral on ∂D by an integral omputed over the level sets of
w, whose urvature κ beomes div ∇w|∇w| and the integral is omputed over the level sets of





































W (t)dt, βε and γε are innitesimal as ε→ 0. The last integral is105
a penalization term that fores w to tend to 1 as ε→ 0.106
The goal of the seond part of this work is then to show that the family of energies Fε107
Γ-onverges to the funtional F when the parameters are related in a suitable way.108
As in [9℄ we deal with a suitable onvergene of funtions involving the Hausdor on-109
vergene of a sub-level sets. This strategy requires a areful statement of the Γ-onvergene110
denitions and results, in order to have that sequenes asymptotially minimizing Fε on-111
verges to a minimum of F .112
Despite this approah is inspired by some ideas ontained in [8, 9℄, we point out that113
in our ase the regularization term involves a seond order dierential operator, due to the114
fat that our goal is to detet points and not segment urves. This deep dierene requires115
a non trivial adaptation of the arguments used in those papers.116
The paper is organized as follows. Setion 2 is devoted to notations, preliminary deni-117
tions and results. In Setion 3 we illustrate the new variational model and we present the118
funtional we deal with. Setion 4 and 5 are devoted to the Γ-onvergene result. Finally in119
the last Setion we onlude the paper by omparing this approah with the elebrated on-120
jeture by De Giorgi, onerning the approximation of the urvature depending funtionals.121
We do not give here experimental result illustrating our approah. We refer the reader122
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2 Preliminaries124
2.1 Notation125
In all the paper Ω ⊂ R2 is an open bounded set with lipshitz boundary. The Eulidean126
norm will be denoted by | · |, while the symbol ‖ · ‖ indiates the norm of some funtional127
spaes. The brakets 〈, 〉 denotes the duality produt in some distributional spaes. Ld or128
dx is the d-dimensional Lebesgue measure and Hk is the k-dimensional Hausdor measure.129
Bρ(x0) is the ball entered at x0 with radius ρ. We say that a set D ⊂ Ω is a regular set130
if it an be written as {F < 0} with F ∈ C∞0 (Ω). In the following we will denote by R(Ω)131
the family of all regular sets in Ω. Finally we will use the symbol ⇀ for denoting a weak132
onvergene.133
2.2 Distributional divergene and lassial spaes134
In this Subsetion we reall the denition of the distributional spae Lp,q(div; Ω) andDMp(Ω),135
1 ≤ p, q ≤ +∞, (see [2, 12℄).136
Denition 2.1. We say that U ∈ Lp,q(div; Ω) if U ∈ Lp(Ω;R2) and if its distributional137
divergene DivU = divU ∈ Lq(Ω). If p = q the spae Lp,q(div; Ω) will be denoted by138
Lp(div; Ω).139
We say that a funtion u ∈ W 1,p(Ω) belongs to W 1,p,q(div; Ω) if ∇u ∈ Lp,q(div; Ω). We140
say that a funtion u ∈ W 1,p0 (Ω) belongs to W
1,p,q
0 (div; Ω) if ∇u ∈ L
p,q(div; Ω).141
Denition 2.2. For U ∈ Lp(Ω;R2), 1 ≤ p ≤ +∞, set
|DivU |(Ω) := sup{〈U,∇ϕ〉 : ϕ ∈ C∞0 (Ω), |ϕ| ≤ 1}.
We say that U is an Lp-divergene measure eld, i.e. U ∈ DMp(Ω), if
‖U‖DMp(Ω) := ‖U‖Lp(Ω;R2) + |DivU |(Ω) < +∞.
Let us reall the following lassial result (see [13℄ Proposition 3.1).142
Theorem 2.1. Let {Uk}k ⊂ DM
p(Ω) be suh that143
Uk ⇀ U in L
p(Ω;R2), as k → +∞ for 1 ≤ p < +∞. (2)
Then
‖U‖Lp(Ω;R2) ≤ lim inf
k→+∞
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2.3 p-apaity144
The p-apaity will be ruial to nd a onvenient funtional framework to deal with. If




|∇f |pdx, f ∈ C∞0 (Ω), f ≥ χk}.








We reall the following result (see for instane [20℄, Theorem 2.27) that explains the relation-145
ship between p-apaity and Hausdor measures. Suh a result is ruial to have geometri146
informations on null p-apaity sets.147
Theorem 2.2. Assume 1 < p < 2. If H2−p(A) <∞ then Capp(A,Ω) = 0.148
Another useful tool to manage sets of p-apaity 0 is provided by the following hara-149
terization.150
Theorem 2.3. Let E be a ompat subset of Ω. Then Capp(E,Ω) = 0 if and only if there151
exists a sequene {φk}k ⊂ C
∞
0 (Ω), onverging to 0 strongly inW
1,p
0 (Ω), suh that 0 ≤ φk ≤ 1152
and φk = 1 on E for every k.153




















Variational approximation of a funtional governing point-like singularities. vii
3 The Variational Model155
In this setion we set the funtional framework and the funtional to be minimized.156
Roughly speaking in biologial images the image is a funtion that ould be very high
on points or other strutures like sets with Hausdor dimension 0 ≤ α < 1, and it is lose
to 0 outside. From a mathematial point of view it seems to be muh more appropriate to
think of the image as a Radon measure, that is I = µ ∈ (C0(Ω))∗. The next step is nding a
spae whose elements are able of produing this kind of disontinuities: the spae DMp(Ω),
with 1 < p < 2. The restrition on p is due to the fat that when p ≥ 2 the distributional





U · ∇ϕdx for all ϕ ∈ C∞0 (Ω).
Sine p ≥ 2 this distribution is well-dened for any test ϕ ∈ W 1,p
′
0 (Ω), where p
′ ≤ 2 is the157
dual exponent of p. In partiular DivU belongs to the dual spae W−1,p
′
(Ω) of the Sobolev158
spae W 1,p0 (Ω). Then in this ase, the distributional divergene of U annot be an atomi159
measure, sine δ0 /∈ W−1,p
′
(Ω). To see this, one an onsider as Ω the disk B1(0) and the160
funtion ϕ˜(x) = log(log(1 + |x|)) − log(log(2)). This funtion is in the spae W 1,p
′
0 (Ω) for161
every p′ ≤ 2 and therefore it is an admissible test funtion, however it easy to hek that162
〈δ0, ϕ〉 = +∞.163
When 1 < p < 2 we have that DivU ∈ W−1,p
′
(Ω), but in this ase sine p < 2, we have164
p′ > 2 and hene the funtion ϕ˜ is no longer an admissible test funtion. One an hek165
that the distribution DivU is an element of (C0(Ω))
∗
able of harging the points. Take for166




The next step is to transform the initial image I as the divergene measure of a suitable168
vetor eld. We onsider the ellipti problem with measure data I:169 {
−∆u = I on Ω
u = 0 on ∂Ω.
(3)
Classial results (see [24℄) ensures the existene of a unique weak solution u ∈ W 1,p0 (Ω)
with p < 2. Then it easy to see that the distributional divergene of ∇u is given by I. In
partiular by setting U = ∇u, we have U ∈ DMp(Ω). Aording to the Radon-Nikodym
deomposition of the measure DivU we have
DivU = divU + divsU,
where divU ∈ L1(Ω) and divsU is a singular measure with respet to L2. For our purpose170
the support of the singular measure divsU is too large. In partiular the measure divsU171
ould harge sets with Hausdor dimension 0 ≤ α < 2. So that in order to isolate the172
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This an be done by using the apaitary deomposition of the Radon measure divsU . It is174
known (see [14℄) that given a Radon measure µ the following deomposition holds175
µ = µa + µ0, (4)
where the measure µa is absolutely ontinuous with respet to the p-apaity and µ0 is176
singular with respet to the p-apaity, that is onentrated on sets with 0 p-apaity. Besides177
it is also known (see [14℄) that every measure whih is absolutely ontinuous with respet178
to the p-apaity an be haraterized as an element of L1 +W−1,p
′
, leading to the ner179
deomposition:180
µ = f −DivG + µ0, (5)






= 1 and f ∈ L1(Ω).181
By applying this deompositon to the measure divsU we obtain the following deompo-182
sition of the measure DivU183
DivU = divU + f −DivG+ (divsU)0, (6)
with G ∈ Lp
′
(Ω;R2), f ∈ L1(Ω), divU ∈ L1(Ω), and (divsU)0 is a measure onentrated on184
a set with 0 p-apaity.185
Aording to this deomposition and taking into aount Theorem 2.3 we give the de-186
nition of disontinuity without and with jump.187
Denition 3.1. We say that a point x ∈ Ω ⊂ R2 is a point of disontinuity without jump188
of U if x ∈ supp(divsU)0.189
Remark 3.1. The other singularities, where there is a jump, are ontained in the seond
term of deomposition (6). Indeed the spae W−1,p
′
(Ω) ontains Hausdor measures re-
strited to sub-manifolds of dimension greater than or equal to 1. (We refer to [25℄ Setion
4.7 for a detailed disussion on the spae W−1,p
′
(Ω)), like for instane Hausdor measures
onentrated on regular losed urves, whih are lassial examples of disontinuities with
jump. More preisely a ontour of a regular set D is the jump set of the harateristi fun-
tion of D and its p-apaity is stritly positive. This is of ourse in agreement with Theorem
2.3. Indeed if there were a sequene {φk}k ⊂ C∞0 (Ω), onverging to 0 strongly in W
1,p
0 (Ω),





1 on Ω \D,
whih onverges, in the W 1,p-norm, to the BV -funtion 1 − χD, whih annot be approxi-190
mated by regular funtions in the W 1,p-norm.191
Denition 3.2. We say that a point x ∈ Ω ⊂ R2 is a point of disontinuity with jump of U192
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3.1 The variational framework194
We shall build an energy whose minimizers will be vetor elds whose divergene measure's195
singular part will be given by nothing else but points.196
Eah minimizer must be an Lp (with p < 2) vetor eld with the following properties:197
1. It must be lose to the initial data U0 whih is, in general, an L
p
vetor eld U0 with198
1 < p < 2.199
2. The absolutely ontinuous part with respet to the Lebesgue measure of DivU is an200
L2 funtion.201
3. The support of the measure (divesU)0 must be given by set of points PU withH
0(PU ) <202
+∞.203
Aording to these onsiderations it is natural to introdue the spae204
SDMp(Ω) := {U ∈ DMp(Ω), f −DivG = 0}, (7)
so that, as a onsequene, deomposition (6) yields for any U ∈ SDMp(Ω)205
DivU = divU + (divsU)0. (8)
For our purposes the following result onerning the features of elements of the spae206
SDMp(Ω) will play a ruial role.207
Proposition 3.1. Let u ∈ W 1,p,20 (div; Ω \ P ), with 1 < p < 2. Let P ⊂ Ω be a set of nite208
number of points. Then ∇u ∈ SDMp(Ω), with (divs∇u)0 = P .209
Proof. We set P = {x1, ..., xn}. Let ρ(h)→ 0 as h→ +∞ be suh that Bρh(xi)∩Bρh(xj) =210
∅ for h large enough and i 6= j. We set Ωh =
⋃n
i=1 Bρh(xi) and we dene the following211
sequene {Uh} ⊂ Lp(Ω;R2).212 {
Uh = ∇u on Ω \Ωh,
0 on Ωh.
(9)
Sine ∆u ∈ L2(Ω \ P ), by standard ellipti regularity we dedue that u ∈ W 2,ploc (Ω \ P ). In213
partiular the exterior trae γext0 (u) ∈ W
3
2
,p(∂Ωh). Therefore we infer that u ∈ W 2,p(Ω\Ωh).214
For every i = 1, ..n and h small enough we an nd an open set Ai suh that Bρh(xi) ⊂215
Ai ⊂ Ω \
⋃
j 6=iBρh(xj) and Ai does not depend on h. Let θi be a uto funtion assoiated216
to Ai suh that217 

θi = 1 on Bρh(xi) for any i = 1, ..., n,
0 ≤ θi ≤ 1 for any i = 1, ..., n,
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Then, if ϕ ∈ C10 (Ω) with |ϕ| ≤ 1, by applying Gauss-Green's formula we obtain:∫
Ω
Uh · ∇ϕdx =
∫
Ω\Ωh






















































where in the last equality we have applied again the Gauss-Green's formula and the denition218
of θi.219
Now for every i we have that {∂Bρh(xi)} onverges in the Hausdor metri to the
singleton {xi}. Then, sine the support of the funtion ψ = ϕ − ϕ(xi) is ontained in
Ω \ {xi}, we have that suppψ∩ ∂{Bh(xi)} = ∅ for h large enough, by standard properties of
the Hausdor onvergene. Therefore the third term in (11) is equal to 0. Moreover for h
large enough we an nd a proper open regular set A, that does not depend on h, suh that
























for h large enough. Sine Uh ⇀ ∇u in Lp(Ω;R2), by Theorem 2.1
|Div∇u|(Ω) ≤ lim inf
h→∞
|Div∇uh| ≤ C.
Therefore ∇u ∈ DMp(Ω). Finally we know that u ∈ W 1,p,2(div; Ω \ P ) and thus the220
support of the measure divs∇u is given by the set P . Sine Capp(P,Ω) = 0, aording to221
deomposition (6) the measure f −DivG vanishes on sets with 0 p-apaity, and we dedue222
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3.2 The Funtional224
Aording to our purpose the natural energy to deal with is the following F : SDMp(Ω)→









From now on we assume without loosing generality that the weights λ and µ are equal to 1.225
We note that, if DivU0 6= 0 in the sense of distributions, then inf F (U) > 0 on SDM
p(Ω).226
Indeed if we had inf
SDMp(Ω)
F (U) = 0 then, it would be possible exhibiting a minimizing227
sequene {Un}, suh that F (Un)→ 0. This would imply Un → U0 in Lp and DivUn → 0 in228
D′(Ω). On the other hand, the Lp-distane between Un and U0 an be arbitrary small only229
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4 Γ-onvergene: The intermediate approximation231
By analogy with the onstrution of U0 we restrit ourselves to vetor elds U whih are232
the gradient of a funtion u ∈ W 1,p0 (Ω).233
Thus the funtional F is nite on the lass of funtions whose support of the measure234
(divs∇u)0 is given by a nite set. Consequently it is onvenient to introdue the following235
spaes:236
∆Mp(Ω) := {u ∈ W 1,p0 (Ω), ∇u ∈ SDM
p(Ω)}, (12)
and237
∆AMp,2(Ω) = {u ∈ ∆Mp(Ω) : ∆u ∈ L2(Ω), supp(divs∇u)0 = P∇u with H
0(P∇u) < +∞}.
(13)









In the spirit [9℄ we introdue an intermediate variational approximation of the funtional F .
We dene a sequene of funtionals where the ounting measure H0(P∇u) is replaed by a
funtional dened on regular sets D and whih involves the urvature of the boundary ∂D.




















Where u ∈W 1,p,20 (div; Ω), D is a regular set, and κ denotes the urvature of its boundary.239
In order to guarantee that the measure of the sets D is small we dene a new funtional240





















L2(D) on Y (Ω),
(15)
where Y (Ω) = {(u,D) u ∈ W 1,p,20 (div; Ω), D ∈ R(Ω)}. We endow the set Y (Ω) with the242
following onvergene.243
Denition 4.1. Let h ∈ N go to +∞. We say that a sequene {(uh, Dh)}h ⊂ Y (Ω) H-244
onverges to u ∈ ∆AMp,2(Ω) if the following onditions hold245
1. L2(Dh)→ 0;246
2. {∂Dh}h → P ⊂ Ω in the Hausdor metri, where P is a nite set of points;247
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As in [9℄ we adopte the following ad ho denition of Γ-onvergene.249
Denition 4.2. Let h ∈ N go to +∞. We say that Fε Γ-onverges to F if for every sequene250
of positive numbers {εh} → 0 and for every u ∈ ∆AM
p,2(Ω) we have:251




Fεh(uh, Dh) ≥ F(u);
2. there exists a sequene {(uh, Dh)}h ⊂ Y (Ω) H-onverging to u suh that
lim sup
h→+∞
Fεh(uh, Dh) ≤ F (u).
We point out that with this approah, the fundamental theorem of the Γ-onvergene252
annot be applied diretly, sine we do not deal with a metri spae (for a omplete survey253
on Γ-onvergene we refer to [7, 10℄). However it is still possible to prove that a sequene254
{(uh, Dh)}h asymptotially minimizing Fε(u,D) admits a subsequene H-onverging to a255
minimizer of F(u). Indeed we will show at the end of the Setion (see Theorem 4.4) that256
the onvergene of the minimum problems an still obtained as a onsequene of ompatness257
of the minimizing sequene of Fε, Γ− lim inf inequality (1) and Γ− lim sup inequality (2) .258
4.1 Compatness259
We state and prove the following ompatness result.260
Theorem 4.1. Let h ∈ N go to +∞ and εh → 0 suh that261
Fεh(uh, Dh) ≤M, (16)
then there exist a subsequene {(uhk , Dhk)}k ⊂ Y (Ω), a funtion u ∈ ∆AM
p,2(Ω) and a set262
P ⊂ Ω of nite number of points, suh that {(uhk , Dhk)}k H-onverges to u.263
Proof. We adapt an argument of [9℄. From (16) we have immediately {Dh} ⊂ R(Ω) with
L2(Dh) → 0. Then we an parametrize every Ch = ∂Dh by a nite and disjoint union




. Then we have aording to the

























Note that the number m(h) ≤ M , with M ≥ 0, is independent of h. Then it is possible to
extrat a subsequene Chk with the number of urves in Chk equal to some n for every k.
Then we set Chk = {γ
1
hk
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H1(γ) ≤ 4πMεhk and onsequently max{H
1(γ) : γ ∈ Chk} → 0. Then there exists a nite
set of point P = {x1, ..., xn} ⊂ Ω suh that for any radius ρ there is an index kρ with
γihk ⊂ Bρ(xi) for all k > kρ and i ∈ {1, ..., n},







i=1 Bρ(xi), then the Hausdor distane dH(∂Dhk , P )→264
0 sine L2(Dhk)→ 0 and therefore ρ→ 0 as well.265









and (16), we may extrat a subsequene {uhk} ⊂W
1,p
0 (Ω) weakly onvergent to u ∈W
1,p
0 (Ω).267
Let Ωj be a sequene of open sets Ωj ⊂⊂ Ω\P invading Ω\P . We laim that it is possible
to extrat a sequene of Dhk suh that Ωj ∩ ∂Dhk = ∅. Indeed sine the distane between
Ωj and P is positive for any j there exists ηj suh that Ωj ∩ (
⋃n
i Bηj (x
i)) = ∅. On the other








Then in partiular if ρ = ηj there exists kj suh that for all k ≥ kj
Ωj ∩ ∂Dhk = ∅.
Therefore for any x ∈ Ωj there exists δ > 0 suh that either Bδ(x) ⊂ Dhk or Bδ(x) ⊂ Ω\Dhk .268
Finally by taking into aount that L2(Dhk)→ 0 we onlude Ωj ∩ ∂Dhk = ∅ for k ≥ kj .269
Then for every k ≥ kj we have that uhk ∈W












uhk → u in L
p(Ωj ;R
2) and a.e.
∇uhk ⇀ ∇u in L
p(Ωj ;R
2)
∆uhk ⇀ ∆u in L
2(Ωj).
Let now x ∈ Ω
′
⊂⊂ Ω \ P . Then there exists a sequene xj → x with j ∈ N. By applying271
the diagonal argument to the sequene uhkl (xj) we obtain a subsequene ul = uhkl(xl) suh272
that ∆ul onverges weakly in L
2(Ω′) to ∆u for any Ω′ ⊂⊂ Ω. Then by the semiontinuity273













If we set P˜ = P\∂Ω, then we dedue u ∈ W 1,p,20 (div; Ω\P˜ ) and therefore∇u ∈ SDM
p(Ω)275
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4.2 Lower bound277
We provide the lower bound (1) in Denition 4.2.278
Theorem 4.2. Let h ∈ N go to +∞. Let {εh}h be a sequene of positive numbers onverging




Fεh(uh, Dh) ≥ F(u).
Proof. Up to a subsequene we may assume that the lim inf is a atually a limit. As in the















Up to subsequenes we have m(h) = n for some natural number n. Hene there exists a set279
P1 of n points suh that ∂Dh onverges in the Hausdor metri to P1. On the other hand280
we have that ∂Dh onverges in the Hausdor metri to P with P∇u ⊆ P . Then, sine the281
limit is unique, we have P = P1.282
Let now {Ωj}j be a sequene of open sets Ωj ⊂⊂ Ω \ P1 invading Ω \ P1. As in the
proof of Theorem 4.1 we may assume up to a subsequene, that ∆uh ⇀ ∆u in L
2(Ωj).
Furthermore, sine in this ase all the sequene Dh onverges to the set P1 we have, by the
















On the other hand, arguing as in Theorem 4.1, we infer that the limit u of the subsequene283
uh belongs to ∆AM


































2)dH1 ≥ n = H0(P1) ≥ H
0(P∇u). (21)
Eventually by (19),(20) (21) and by the superlinearity property of the lim inf operator we288
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4.3 Upper bound290
In [9℄ for the onstrution of the optimal sequene it is ruial to use a result due to Cham-291
bolle and Doveri (see [11℄). This result states that it is possible to approximate, in the292
H1-norm, a funtion u ∈ W 1,2(Ω \ C) (where C is a losed set), by means of a sequene293
of funtions uh ∈ W 1,2(Ω \ Ch) with Ch onvergent to C in the Hausdor metri. In our294
ase this argument does not apply due to presene of a seond order dierential operator.295
Nevertheless sine we work only with set of points it is possible to build an optimal sequene296
in a more diret way.297
Theorem 4.3. Let h ∈ N go to +∞. Let εh be a sequene of positive onverging to 0. For298




Fεh(uh, Dh) ≤ F(u). (22)
Proof. We start by the onstrution of the sequene Dh. Let n be the number of points xi301
in P∇u. Then we take Dh =
⋃n




L2(Dh) → 0 and ∂Dh302
onverges with respet to the Hausdor distane to P∇u. Moreover for h large enough we303
may assume Bεh(xi) ∩Bεh(xj) = ∅ for i 6= j. Now we build uh. Let {ρh} ⊂ R be suh that304
ρh ≥ 0 and ρh → 0 when h→∞. Let θh ∈ C∞(Ω) with the following property:305 

θh = 1 on B ρh
2
(xi) for any i = 1, ..., n
0 ≤ θh ≤ 1 on Bρh(xi) \B ρh
2
(xi) for any i = 1, ..., n






We set uh = (1− θh)u. It is not diult to hek that {(uh, Dh)}h ⊂ Y (Ω) and H-onverges
to u. We laim that the pair (uh, Dh) realizes the inequality (22) for a suitable hoie of the
sequene ρh. By making the omputation we have
















































. By the Sobolev embedding we have u ∈ Lp
∗
(Ω)308
with p∗ = 2p2−p and hene |u|
p ∈ L
p∗
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, and taking into

























































































Now we ompute ∆uh. The identity div(fA) = fdivA+∇f · A yields
∆uh = (1 − θh)∆u− 2∇θh∇u−∆θhu.




































k2)dH1 = n = H0(P∇u). (28)
By realling that the lim sup is sublinear operation and by (26),(27),(28), we ahieve the312
result. 313
4.4 Variational property314
We onlude this setion by properly stating and proving the partiular version of funda-315
mental Theorem, whih is, in this ase, a diret onsequene of Theorems 4.1, 4.2, 4.3. The316
proof an be ahieved by a lassial argument (see [7℄, Setion 1.5). However we prefer to317
give the proof in order to make lear that the lassial variational setting is not diretly318
available, and therefore the variational property has to be proven.319
Theorem 4.4. Let h ∈ N go to +∞. Let Fε and F be given respetively by (15) and (14).
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then there exists a subsequene {(uhk , Dhk)} ⊂ Y (Ω) and a minimizer u of F(u) with u ∈320
∆AMp,2(Ω), suh that {(uhk , Dhk)} H-onverges to u.321






From Theorem 4.3 there exists a sequene {(§u˜h, D˜h)} ⊂ Y (Ω), suh that
inf
∆AMp,2(Ω)
F + δ ≥ F(u) ≥ lim sup
h→+∞
Fεh(u˜h, D˜h).





Fεh ≤ lim sup
h→+∞
Fεh(u˜h, D˜h) ≤ inf
∆AMp,2(Ω)
F . (29)
Let now {(uh, Dh)} ⊂ Y (Ω) be suh that limh→+∞(Fεh(uh, Dh) − infY (Ω) Fεh(u,D)) = 0.
Then from Theorem 4.1, up to subsequenes, the sequene {(uh, Dh)}h H-onverges to some
u ∈ ∆AMp,2(Ω). Then by Theorem 4.2 and taking into aount (29) we dedue
inf
∆AMp,2(Ω)
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5 Approximation by smooth funtion324
By following the Braides-Marh's approah in [9℄ we approximate the measureH1⌊∂D by the325
Modia-Mortola's energy density given by (ε|∇w|2 + 1
ε
W (w))dx where W (w) = w2(1−w)2326
and w ∈ C∞(Ω). The next step is to replae the regular set D with the level set of w. Let327
us set Z = {∇w(x) = 0}. By Sard's Lemma we have that L1(w(Z)) = 0. In partiular,328
if w takes values into the interval [0, 1], we infer that for almost every t ∈ (0, 1) the set329
Z ∩ w−1(t) is empty. Consequently for almost every t ∈ (0, 1) the t-level set {w < t} is a330
regular set with boundary {w = t}. Now, sine we want to replae the set D, we need that331
{w < t} ⊂⊂ Ω. Then we require 1− w ∈ C∞0 (Ω; [0, 1]). Furthermore for almost every t, we332
have k({w = t}) = div( ∇w|∇w|). From all of this we are led to dene the following spae:333
S(Ω) = {(u,w); u ∈W 1,p,20 (div; Ω); 1− w ∈ C
∞
0 (Ω; [0, 1])} (30)






































W (t)dt. The last term fores wε be 1 almost everywhere in the limit. From334












The onvergene that plays the role of the H-onvergene is the following. With a slight337
abuse of notation this onvergene will be still denoted by H.338
Denition 5.1. Let h ∈ N goto +∞ and {(uh, wh)}h be a sequene S(Ω). Set Dth = {wh <339
t}. We say that {(uh, wh)}h H-onverges to u ∈ ∆AM
p,2(Ω), if for every t ∈ (0, 1) the340
sequene {(uh, Dth)}h in Y (Ω) H-onverges to u.341
As in the previous Setion, we adopte the ad ho denition of Γ-onvergene with respet342
to the onvergene above.343
Denition 5.2. Let h ∈ N go to +∞. We say that Gε Γ-onverges to F if, for every344
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1. for every sequene {(uh, wh)}h ⊂ S(Ω) H-onverging to u
lim inf
h→+∞
Gεh(uh, wh) ≥ F(u);
2. there exists a sequene {(uh, wh)}h ⊂ S(Ω) H-onverging to u suh that
lim sup
h→+∞
Gεh(uh, wh) ≤ F (u).
As in the previous Setion, we remark that the onvergene of the minimum problems346
must be proved, sine we annot apply the fundamental Theorem of Γ-onvergene. We will347
state the analogous of Theorem 4.4 at the end of the Setion.348
5.1 Compatness349
The ompatness result goes as follows.350
Theorem 5.1. Let h ∈ N goes to +∞ and εh → 0 suh that351
Fεh(uh, wh) ≤M. (34)
Then there exists a subsequene {(uhk , whk)}k ⊂ S(Ω), u ∈ ∆AM
p,2(Ω) suh that {(uhk , whk)}k352
H-onverges to u.353
Proof. The rst part of proof is as in [9℄. For the onveniene of the reader we give the354
omplete proof.355





































Thanks to Sard's Lemma, for any h there exists a L1-negligible set Nwh ⊆ (0, 1) suh that
{wh = t} = ∂{wh < t}, {wh < t} ∈ R(Ω), for t ∈ (0, 1) \ Nwh .
On {wh = t} for t ∈ (0, 1) \ Nwh we have
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Now sine the union
⋃
hNwhh of the sets Nwh is L
2


















By applying Fatou's Lemma and taking into aount that the set
⋃
hNwh does not depend357
















Hene we dedue the existene of a L2-negligible set Q, with
⋃










where the onstant Mt does not depend on h.360
Then for every t ∈ (0, 1) \ Q we an extrat a sequene {wth}h suh that ∂{w
t
h < t}
onverges with respet to the Hausdor metri to a set P t ⊂ Ω. Let N = {ti} in (0, 1) be a
dense ountable set. Up to a diagonal argument we an nd a subsequene {whk}k suh that,
for every ti ∈ N , ∂{whk < ti} onverges to P
ti
. Let ti ∈ N suh that ti > t and onsequently
{whk < t} ⊆ {whk < ti}. From the denition of Hausdor onvergene it follows that for
every ρ > 0 there exists k0(ρ) suh that for any k > k0 we have {whk < ti} ∩Bρ(x) 6= ∅ for
every x ∈ P ti . Sine the t−-level set is open for every ρ and for every x ∈ P ti suh that
{whk < t}∩Bρ(x) 6= ∅, we may hoose tn ∈ N with tn < t and so obtain for k large enough
{whk < tn} ∩ Bρ(x) 6= ∅. By hoosing tmax = max
x∈P ti
tn(x) for every x ∈ P ti , the inlusion
{whk < tmax} ⊂ {whk < t} gives
{whk < tmax} ∩Bρ(x) ⊆ {whk < t} ∩Bρ(x) ⊆ {whk < tn} ∩Bρ(x),
with tmax, ti ∈ N . Then by taking the limit ρ → 0+ we infer ∂{whk < t} onverges with361
respet to the Hausdor metri to a set P t ⊂ Ω for every t ∈ (0, 1).362
Finally for any t ∈ (0, 1) sine 0 ≤ wh ≤ 1, we have L2({wh < t}) = L2({1 − wh >363
1− t}) ≤ L2({1− wh > (1− t)2}), then by Chebyshev's inequality and by (34)364




Therefore, as in the proof of Theorem 4.1, we an extrat a subsequene {uhk}k whih365
onverges strongly in Lp(Ω) to a funtion u ∈ ∆AMp,2(Ω) with P∇u ⊆ P t for every t ∈366
(0, 1). Hene we have that for every t ∈ (0, 1) the sequene {(uhk , D
t
hk
)}k H-onverges to u367
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5.2 Lower bound369
We give the proof of the lower bound (1) in Denition 5.2. In the proof it will be ruial370
having the onvergene of the t-level set for every t ∈ (0, 1).371
Theorem 5.2. Let h ∈ N go to +∞. Let {εh}h be a sequene of positive numbers onverging




Fεh(uh, wh) ≥ F(u).
Proof. Without loss of generality we assume, up to subsequenes,





As in the proof of Theorem 5.1 we get that for every t ∈ (0, 1) L2({wh < t}) → 0 and372





















Let {Ωj}j be a sequene of open sets Ωj ⊂⊂ Ω \ P t invading Ω \ P t. Then we may assume375
that uh ⇀ weakly in W
1,p
0 (Ω) and ∆uh onverges weakly in L
2(Ωj) to ∆u. Therefore as in376
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W (t)dt ≥ 8πCH0(P∇u). (43)
By olleting (40) (41) and (43) we ahieve the thesis. 381
5.3 Upper bound382
As in [9℄ to build wh we use the onstrution given in [4℄, while the optimal sequene uk is383
hosen as in Theorem 4.3.384
Theorem 5.3. Let h ∈ N go to +∞. Let εh be a sequene of positive numbers with εh → 0.385




Fεh(uh, wh) ≤ F(u). (44)
Proof. If A ⊂ R2 we set
δA(x) = d(x,A) − d(x,R
2 \A).
We start with the onstrution of wh.388





Sine Dh is a regular set by taking into aount the ondition (33) for h large enough we389
have390
{x ∈ Ω : d(x,Dh) < 2εh| log εh|} ⊂⊂ Ω. (45)




W (t) on R
η(−∞) = 0,
η(+∞) = 1,
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ψh = 1 on [0, | log εh|]
ψh = 0 on [2| log εh|,+∞]
ψh
′
< 0 on [| log εh|, 2| log εh|]
‖ψh
′











) + 1− ψ( t
εh







) if t < 0.
Then we set wh(x) = ηh(δDh(x)). We laim that 1 − wh(x) ∈ C
∞
0 (Ω; [0, 1]) for h large
enough. Indeed for any x ∈ Ω \Dh we have δDh(x) ≥ 0, hene







Then 0 ≤ 1 − wh ≤ 1 by the properties of ψh and η. The ase x ∈ Dh is similar. Let now392






)). From (45), it follows393
δDh(x) ≥ 2| log εh| for h large enough, hene the laim follows. Then we take {(uh, wh)}h394
as optimal sequene, where uh is given as in Theorem 4.4395
First of all we have to hek that {(uh, wh)}h H-onverges to u. For any x ∈ Ω \ P∇u396
we have that for h large enough δDh(x) ≥ 0 and one an hek that wh(x) → 1 for every397
x ∈ Ω \ P∇u. This implies that L2({wh < t}) → 0 for every t ∈ (0, 1). Now for every398
t ∈ (0, 1) we write399
{wh = t} =
(




{wh = t} ∩ Ω \Dh
)
. (46)
Hene, sine wh(x) → 1 for x ∈ Ω \ Dh, for any t ∈ (0, 1) there exists h(t) suh that400
{wh = t} ∩ Ω \ Dh = ∅ for every h ≥ h(t). So that from (46) it follows that for every401
t ∈ (0, 1), {wh = t} → P∇u when h → +∞. So we an onlude that (uh, wh) H-onverges402
to u.403
As in [4℄ we set
D1h = {x ∈ Ω : |δDh(x)| < εh| log εh|}, D
2
h = {x ∈ Ω : εh| log εh| < |δDh(x)| < 2|εh| log εh|}.
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For x ∈ D1h, we have
|δDh |
εh
< log εh therefore wh(x) = η(
|δDh |
εh
). By taking into aount the
denition of η we have εh1+εh ≤ wh ≤
1
1+εh








W (t); |∇wh| = |η
′
k(δDh)|.















































Moreover with the same argument and by using the denition of wh one an hek that405
lim
h→∞
IIh = 0 (49)






















W (wεh))dx = H
0(P∇u).
(50)











Furthermore, by taking into aount that wh(x) = 1 if δDh(x) ≥ 2εh| log(εh)| and wh(x) = 0









where D0h = {x ∈ Ω : δDh(x) < −2εh| log(εh)|}. By hoosing ρh in suh a way that409
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Finally from the denition of wh, it follows that wh = 1 outside the disk (Dh)2 log εh and411














The thesis follows by olleting (50), (51), (52) and (53) 413
5.4 Variational property414
Also in this ase we obtain, as a diret onsequene of Theorems 5.1, 5.2 and 5.3, the415
onvergene of the minimum problems. The proof is as in Theorem 4.4.416
Theorem 5.4. Let h ∈ N go to +∞. Let Gε and F be given respetively by (31) and (14).




(Gεh(uεh , wεh)− inf
S(Ω)
Fεh(u,w)) = 0,
then there exists a subsequene {(uhk , whk)} ⊂ S(Ω) and a minimizer u of F(u), with417




















Variational approximation of a funtional governing point-like singularities. xxvii
6 De Giorgi's Conjeture419
The aim of De Giorgi was nding a variational approximation of a urvature depending





where D is a regular set and κ is a urvature of its boundary ∂D.420
Sine ∂D an be represented as the disontinuity set of the funtion w0 = 1 − χD,421
by Modia-Mortola's Theorem it follows that there is a sequene of non onstant loal422
minimizers suh that wε → w0 with respet to the L1-onvergene suh that423
lim
ε→0
F 1ε (wε) := CVH
1(∂D).
Furthermore looking at the Euler-Lagrange equation assoiated to a ontour length term,424
yields a ontour urvature term κ, while the Euler-Lagrange equations for the funtional425






Then De Giorgi suggested to approximate by Γ-onvergene the funtional F 2 by adding427
to the Modia-Mortola approximating funtionals the following term428









In ([5℄) Bellettini and Paolini have proven the lim sup inequality, while the validity of429
lim inf inequality for a modied version of the original onjeture has been proven by Röger430
and Shätzle (see [23℄).431
Inspired by the De Giorgi's onjeture (see [15℄ for the original statement) it appears
natural to investigate, in the spirit of [9℄, the possibility of approximating the funtional F


































The presene of the term
1
2ε will be lear in the proof. By the way we are able to prove only432
the Γ-limsup inequality.433
Theorem 6.1. Let h ∈ N go to +∞. Let εh be a sequene of positive numbers with εh → 0.434
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Proof. Let {(uh, wh)}h be the optimal sequene of Theorem 5.3. It is not diult to see
that for every x ∈ D1h the funtion δh(x) is regular and using the denition of wh and taking
into aount that η′ =
√




















) and hene the level set {δDh(x) = t} orresponds to the level set {wh(x) =
η( t
εh
} with 0 ≤ η ≤ 1, so that we infer













































By the same alulation on D2h one an hek that the integral over D
2
h vanishes as in the437
proof of Theorem 5.3.438
The other terms an be estimated exatly as in the proof of Theorem 5.3 and therefore439
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